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Abstract. Using the mixed Lie algebras of Lazard, we extend the results 
of the first author on mild groups to the case p = 2. In particular, we show 
that for any finite set So of odd rational primes we can find a finite set S of 
odd rational primes containing So such that the Galois group of the maximal 
2-extension of Q unramified outside S is mild. We thus produce a projective 
system of such Galois groups which converge to the maximal pro-2-quotient 
of the absolute Galois group of Q unramified at 2 and oo. Our results also 
allow results of Alexander Schmidt on pro-p-fundamental groups of marked 
arithmetic curves to be extended to the case p = 2 over a global field which 
is either a function field of characteristic ^ 2 or a totally imaginary number 
field. 

A Serre 

1. Introduction 

In this paper we extend the theory of mild pro-p-groups developed in [8] to 
the case p = 2. In particular, we obtain the following result which is the missing 
ingredient in extending the results of Alexander Schmidt in to the case p = 2 
over a global field which is either a function field of characteristic ^ 2 or a totally 
imaginary number field. Let H l {G) = H l (G , Z / 'pZ) . 

Theorem 1.1. Let G be a finitely generated pro-p-group. If H 2 (G) ^ and 
i/ 1 (G) = U V with the cup-product trivial on U x U and mapping U C§) V 
surjectively onto H 2 (G) then G is mild. 

For p / 2, Theorem 11.11 is a reformulation by Schmidt of a criterion for the 
mildness of a pro-p-group that was proven in [8]. We will show that mild pro-p- 
groups are also of cohomological dimension 2 when p = 2. To prove our results we 
have to further develop the theory of certain mixed Lie algebras of Lazard [9] . 

If S is a finite set of odd rational primes we let Gs(2) be the Galois group of 
the maximal 2-extension of Q unramified outside S. 

Theorem 1.2. If So is a finite set of odd rational primes there is a finite set S 
of odd rational primes containing Sq such that Gs(2) is mild. 
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Although the study of Galois groups of number fields with restricted ramifi- 
cation can be traced already to work of L. Kronecker and others in the 19-th 
century, the formal modern foundations were laid out by I.R. Shafarevic. His 
work was influenced by geometrical considerations of finite coverings of Riemann 
surfaces ramified in a given finite set of primes, class field theory and a deep un- 
derstanding of the Galois groups of local fields. His papers [13], [14] as well as his 
paper with E.S. Golod [15] demonstrated the extraordinary power of his vision. 
Koch's monograph [5 , first published in 1970, summarized the important contri- 
butions to the subject. For example, information of the cohomological dimension 
of Gs{p) was obtained when p was odd and in S. When p was not in S, nothing 
was known about Gs(p), other that it could be infinite by the work of Golod and 
Shafarevich, until the recent work of the first author [8] where it was shown that 
for p odd this group was of cohomological dimension 2 for certain S. The more 
difficult case p = 2 was left open. This work finally extends these results to the 
case p = 2. 



2. Mixed Lie Algebras 

Let G be a pro-2-group and let G n (n > 1) be the ra-th term of the lower 
2-central series of G. We have 

1 — l_r, Lt„+1 — l_r„ [Lr, l_r n J 

where, for subgroups H, K of G, [H, K] is the closed subgroup generated by the 
commutators [h, k] = h~ 1 k~ 1 hk with h G H, k G K and H 2 is the subset of squares 
h 2 of elements of H. Let L(G) be the Lie algebra associated to the lower 2-central 
series of G. We have 

L{G) = ® n >iL n {G) 

where L n (G) = G n /G n+ i is denoted additively. This defines L(G) as a graded 
vector space over F2. If l n is the canonical homomorphism G n — > L n (G), the Lie 
bracket [£,77] of £ = l m (x), r\ — l n (y) is lm+n([x,y])- To the homogeneous element 
£ = l n (x) we associate the homogeneous element P£ = l n+ i(x 2 ). If £, 77 G L n (G) 
then 



If £ G L m (G), rj G L n {G) we have 
[P£,ri] = 



Pi + P-q if n > 1, 

P£ + Pri+[Z,ri} if»=l. 



P[S,rj\ ifm>l, 
P[t,v] + ifm=l. 



Thus the operator P defines a mixed Lie algebra structure on L(G) in the termi- 
nology of Lazard, cf. [5], Ch.2, §1.2. The operator P extends to a linear operator 
on the Lie algebra 

L+(G) = ©„>iL„(G). 
It follows that L + {G) is a module over the polynomial ring ¥2^] where iru = P(u). 
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If A = X)n>o ^« is a graded associative algebra over the graded algebra F2[7r], 
where multiplication by tt on homogeneous elements increases the degree by 1, 
then A + = X)n>o ^™ nas ^ ne structure of a mixed Lie algebra where 




7r£ if £ is of degree > 1 , 

7r£ + £ 2 if £ is of degree 1. 



Every mixed Lie algebra g has an enveloping algebra U m i X (g). This is graded 
associative algebra U over F2 [tr] together with and a mixed Lie algebra homomor- 
phism / of g into U+ such that, for every graded associative algebra B over ¥ 2 [n] 
and mixed Lie algebra homomorphism tpo of g into B+, there is a unique algebra 
homomorphism ip of U into B satisfying tp o f = ip Q . The existence of J7mix(0) 
is proven in [5], Th. 1.2.8. It is also shown there that the canonical mapping of 
into U (0) is injective; this fact is referred to as the Birkhoff-Witt Theorem for 
mixed Lie algebras. If X — {x-i, . . . , x ( i} is a weighted set, the enveloping algebra 
of the free mixed Lie algebra L m ; x (X) on the weighted set X is the free associative 
algebra A(X) over F2[7r] on X . Indeed, giving a mixed Lie algebra homomorphism 
/ : L m ix{X) — > B + is the same as giving a graded map of X into B + which is the 
same as giving a homomorphism of the graded algebra A(X) into B. It is now a 
straight-forward argument to verify the following Proposition. 

Proposition 2.1. If — > r — > g — > f) — > is an exact sequence of mixed Lie 
algebras, we have 

where is t/ie idea/ ofU m i X (g) generated by the image of v. 

Let X = {afi, . . . , 2;^} be a set and let _F = F(X) be the free pro-2-group on X . 
The completed group algebra A = Z2[[F]] over the 2-adic integers Z2 is isomorphic 
to the Magnus algebra of formal power series in the non-commuting indeterminates 
X\, . . . , Xd over Z2. Identifying F with its image in A, we have Xi = 1 + Xi (cf. 
[SI, Ch. I, §1.5). 

The lower 2-cental series of F can be obtained by means of a valuation on A. 
More generally, if t\, . . . , r<j are integers > 0, we define a valuation w in the sense 
of Lazard by setting 

ui{ V ai 1 ,...,i h X il ---X ik )= inf (v(a il ,...,i k )+T il + hr lfc ), 

where u is the 2-adic valuation of Z2 with v(2) = 1. Let A„ = {11 £ A u>(it) > n}. 
Then (A„)„>o is a filtration of A by ideals and the associated graded algebra gr(A) 
is a graded algebra over the graded ring F2[7r] = gr(Z2) with it the image of 2 in 
2Z2/4Z2. If & is the image of Xi ingr r .(A) then gr(A) is the free associative F2[7r]- 
algebra on £1, . . . , £<j with a grading in which £j is of degree and multiplication by 
7r increases the degree by 1. The Lie subalgebra L of gr(A) generated by the ^ is 
the free mixed Lie algebra over F2[7r] on £1, . . . , £<j by the Birkhoff-Witt Theorem. 
Note that when Tj = 1 for all i we have A„ = I", where / is the augmentation 
ideal (2,Xi, . . . ,X d ) of A. 
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For n > 1, let F n = (1 + A„) n P and for x G F let w(a;) = w(x - 1) be the 
nitration degree of x. Then (F n ) is a decreasing sequence of closed subgroups of 
F with the following properties: 

-Fi = [F n ,Fk] C F n+ k, F n C F„+i. 

It is called the (x, r)-filtration of P. Such a sequence of subgroups of a pro-2-group 
G is called a 2-central series of G. If 73 = 1 for all i then (P„) is the lower 2-central 
series of F. 

If (G n ) is a 2-central series of G, let gr n (G) = G n /G n +i with the group opera- 
tion denoted additivcly. Then gr(G) = ffin>igr„(G) is a graded vector space over 
F2 with a bracket operation [£,77] which is defined for £ £ G n , r\ G Gfc to be the 
image in gr ra+fe (P) of [x, y] where x, y are representatives of £, 77 in gr„(G), gr k (G) 
respectively. Under this bracket operation, gr(G) is a Lie algebra over F2. The 
mapping x 1— > x 2 induces an operator P on gr(G) sending gr„(G) into gr n+1 (G). 
For homogeneous £, 77 of degree m, n respectively, we have 

P(£ + ry) = P(£) + P(?y) + [£, 77] if to = n = 1, 

P(£ + r?) = P(£) + P(r;) if to = n > 1, 

[P{£),V]=P([Z,TI]) + [Z,[Z,V]] if m=l, 

[^(0»»7]=^(K»»7]) if m>l. 

Hence gr(G) is a mixed Lie algebra. 

In the case F — F(X) and F n = (l+A„)nP, the mapping x 1— > x — 1 induces an 
injective Lie algebra homomorphism of gr(P) into gr(A). Identifying gr(P) with 
its image in gr(A), we have P(£) = 7r£ unless £ G g r i(-F) in which case 

p(£) = £ 2 + tt£. 

The Lie algebra gr(P) is the smallest F2-subalgebra of gr(A) which contains 

£1,.. • £<j and is stable under P. To see this, let X n be the set of elements 
with Ti = n and define subsets T n inductively as follows: Pi = X\ and, for 77 > 1, 
T„ = T' n U P" where 

T' n = {x 2 | x G T n _i}, l£' = X n U {[x, y] | x G I?, y G T'J , r + s = n}. 

If P^ is the closed subgroup of P generated by the P& with k > n, then (P^) is a 2- 
central series of P (cf. [9], §1.2). If gr'(P) is the associated graded Lie-algebra, the 
inclusions P^ C F„ induce a mixed Lie algebra homomorphism gr'(P) — ► gr(P). 
We obtain a sequence of mixed Lie algebra homomorphisms 

L m UX) -> gr'(P) - gr(P) - gr(A), 

where the homomorphism i/ m ; x (X) — > gr'(P) sends £j to £|, the image of £j in 
gr^.(P), and hence is surjective since the £■ generate gr'(P) as a mixed Lie algebra 
over F2[7r]. The composite of these homomorphisms sends £j to £i and hence is 
injective. Thus gr'(P) — * gr(P) is injective from which it follows inductively that 
P,' = P n for all 71. Hence we obtain that gr(P(X)) = L m ; x (JC). The above 2- 
filtration (P n ) of P is called the (x, r)-filtration of P. If = 1 for all i then (P„) 
is the lower 2-central series of P. Thus we have shown the following result. 



MILD PRO-2-GROUPS AND 2-EXTENSIONS OF Q WITH RESTRICTED RAMIFICATION 5 

Theorem 2.2. If L{F{X)) is the Lie algebra associated to the (x , r) -filtration of 
the free pro-2-group F(X) on the weighted set X = {xi, . . . , Xd}, with Xi of weight 
Ti, then L(F(X)) = L m ^(X), the free mixed Lie algebra on X — {£1, . . . , £d}, 
where £j is the image of Xi in L Ti (F(Xj). 

Theorem 2.3. L + (X) is a free Lie algebra over F 2 [7r]. If £1, ■ ■ ■ ,£ m are the ele- 
ments of X of weight 1 then, as a free Lie algebra, L + (X) has a basis Y consisting 
of 

(1) the elements 

P^,...,PU, [6,0] (l<»<i<m), 

(2) the elements 

Cm+i, • ■ ■ , £d, (1 < i < m, m + 1 < j < d), 

(3) for 3 < k, the (k — commutators 

ad&Jad&J • • • ad(^_ 3 )ad(0) 2 (^ fe _ 2 ), 

where m > i\ > i 2 > ■ ■ ■ > ik-2 > 1, 1 < j < m, j ^ i\, . . . ,ik-2, 

(4) for 3 < k, the (k — 1)(™) commutators 

ad(6Jad(^ 2 ) • • • ad&^Jad&^X&J, 

w/iere m > h > i 2 > ■ ■ ■ > ik-i > 1, ifc-i < ik < m, ik ^ i\, ■ ■ ■ , ik-2, 

(5) /or 3 < fc, t/ie (c£ — m) commutators 

ad(^Jad(^ 2 ) • • • ad(^ fe _ 2 )ad(^ fe _ 1 )(^J, 

where m > i\ > i 2 > ■ ■ ■ > ik-i > 1? *fc > to. 
If A = A(X) is the free associative ¥ 2 [n}- algebra on X and B is the subalgebra of 
A generated by Y then B is the free associative algebra over¥ 2 [-K\ on the weighted 
set Y . Moreover, A is a free B-module with basis Ci 1 ' ' ' £f s ( e i = 0,1^. 

Proof. Let A be the free associative algebra on X = ... , £ d } over ¥ 2 [tt] and let 
Z be the Lie subalgebra over F 2 generated by X. Then Z is the free Lie algebra 
over F 2 generated by X. If L = L mlx (X) we have 

m 

L 1 =Zi =£f 2 &, 

i=l 
m 

in = ^ X! FaP ^ + ^" 2Z2 + * ' ' + 7fZ «- 1 + Z ™ (™ > 2 )- 
i=l 

Let Z be & homogeneous basis of Z containing X with £i , . . . , £ TO the elements of 
Z of degree 1. If Z + is the set of elements of Z of degree > 1 then 

Z* = {P^,P^ 2 ,...,PU}^Z+ 

is an F 2 -basis for L + modulo ttL + and hence is an F 2 [7r]-basis for the free F 2 [7r]- 
module L + . If Z = {rn | i > 1} is linearly ordered so that r}i < and 
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degree^) < degree(?7i+i) then, by the Birkhoff-Witt theorem for Lie algebras 
over F2, the elements 

where a = (a,)i>i with on = for almost all i, form a F 2 -basis of A = A/nA, the 
enveloping algebra of L. It follows that the elements 

i—l 1 — 1 i>m 

where fa = 0, 1 and 7^,0^ £ N, are also an F 2 -basis of A. Note that, in our 
convention, £ N. Hence the elements 

m m 

z— 1 i—l i>m 

where fa = 0, 1 and 7^ aij £ N, arc a F 2 [7r]-basis for A. In particular, the elements 

m 

z— 1 i>m 

where 7i, aj G N, are an F2[7r]-basis for the F2[7r]-subalgebra B of A generated by 
Z* . This implies that A is a free B-module with basis 

fe = o,i). 

Let a n be the number of elements of Z of degree n. Then 



where e\ < e 2 < • • • < e r are the possible values of the = deg(^) and is the 
number of j with Tj = ej. We can rewrite this equation in the form (1 + t) m P(t) = 
(1 — J2i m it ei ) 1 where 

p(t) = (i-t 2 )- m Y[(i-t n )- a - 

n>2 

= (1 - t 2 )-(°2+m) TJ (1 - t")- a » 
ra>3 

1 



1 - (c 2 t 2 + c 3 t 3 + • • • + c m+1 t m + 1 + £ fc>1 9fc (i)) ' 



where 



c k = (k - 1) 



m + 1 



9*(*) = S( fc ^ 1 ) m j*' 

j>2 V 7 



.j.fe-1+e^ 
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The power series P(t) is the Poincare series of B — B/irB; the Poincare series of 
B is P(t)/(l-t). 

To show that the elements of Y generate L + it suffices to show that they 
generate L + as a vector space over F2 modulo ttL + + [L + , L + ]. For k > 2, we have 
= Lk modulo ttL + . For k > 2, every element of Lk can be uniquely written 
modulo [L, L] as a linear combination of the sequence S of elements of the form 

adC&Jad&a) • • • ad(& fc _ 3 )ad(& Jk _ 1 )(&J 

with c? > ii > 12 > • ■ ■ > ife-i > 1 and < i^. Modulo ttL + we have 

[Pte),Pfe)]=adfe)ad(^) 2 te), 

[P(6),u] =ad(6) 2 (w) if 

and ad(^)ad(fj)(u) = ad (£j ) ad (it) modulo [L + ,L + ] if u 6 L + . If follows that 
the only terms of the sequence S which possibly do not lie in ttL + + [L + , L + ] are 
the terms of the subsequence T of elements of the form 

(A) ad(6, )ad(& 2 ) • • • ad(£ ife _ 2 ) 
with m > i\ > 12 > ■ ■ ■ > ik-i > 1 an d ife-i < ife, or of the form 

(B) ad(£ n )ad(£ l2 ) • ■ • ad(£ ifc _ 3 )ad(&_,) a ) 
with m > i\ > %2 > • ■ • > ifc-2 > lj 2 < < m i or of the form 

(C) ad&Jadfo) • • • adfo_ a )&J 

with to > i\ > i 2 > ■■■ > ife_i > 1 and < = ij. Working modulo 

7rL + + [L + , L + ], this last element is equal to 

ad(& 2 ) • • •ad(& fc _ 2 )ad(& 1 )ad(f ifc _ 1 )(& fe ) = ad(& 2 ) • • • ad(^ fc _ 2 )ad(^ 1 ) 2 (^ fc _ 1 ) 

which is an element in the family (3) in the statement of the theorem. Using the 
identity 

ad(a;)ad(y) 2 ad(z) = ad(z)ad(y) 2 ad(a;) (mod ttL + + [L + ,L + ]), 

the elements of the form (B) can be also written in the form (3). The elements 
in (A) with z& < to account for the elements in (4) and the elements in (A) with 
if. > m account for the elements in (5). The later account for the terms qk(t) in 
P(t). Thus Y generates L + (X) and so the canonical mapping of L(Y), the free 
Lie algebra over ¥ 2 [tt] on the weighted set Y, into L + is surjective. It is injective 
since L(Y) and L + have the same Poincare series. □ 



Corollary 2.4. Let L m j X (A) = L m i X (A)/7rL m i x (A") + and let Y be as in Theo- 
rem \2.3[ Then L m ; x (A) + = L(Y), the free Lie algebra over ¥2 onY. Its enveloping 
algebra B is the subalgebra of A — A(X) (the free associative ¥ 2 -algebra on X) 
generated by L(X) + . The B -module A is free with basis consisting of the elements 

This follows immediately from the fact that A is a free B-module with basis 

Zi-'-tfc (** = o,i). 



8 



JOHN LABUTE AND JAN MINAC 



3. Quadratic Lie Algebras 

If g is a mixed Lie algebra we let § = q/ttq + . Then § is a Lie algebra over F2 
which we call the reduced algebra of q. The operator P on q induces an operator 
on q, also denoted by P, which is zero in degree > 1 and which, for homogeneous 
elements £, r], satisfies 

(QL1) P(£ + n) = P(0 + P{rj) + [£, n] if £, V are of degree 1, 
(QL2) [P£, ry] - [£, [£, »?]] if £ is of degree 1. 

Thus § satisfies the axioms for a mixed Lie algebra where P(£) = if £ is 
homogeneous of degree > 1. It is an example of what we call a quadratic Lie 
algebra. 

Definition 3.1 ((Quadratic Lie Algebra)). A quadratic Lie algebra is a graded 
Lie algebra f) = (Bi>ifyi over ¥2 together with a mapping P : f)i — > t)2 satisfying 
(QL1) and (QL2). 

A homomorphism / : f) — > f)' of quadratic Lie algebras is a homomorphism of 
graded Lie algebras (over F2) such that f(P(s)) = P(/(s)) for every homogenous 
element s of degree 1. By an ideal of I) we mean an ideal a of [) as a Lie algebra 
over F 2 such that P(s) G a for every element s of a of degree 1. Every quadratic 
Lie algebra is a mixed Lie algebra if we set P£ = for every homogeneous element 
£ of degree 1. In this way Quadratic Lie algebras form a full subcategory of the 
category of mixed Lie algebras. 

If A = ® j> Ai is a graded associative algebra over F 2 then the mapping P : x 1— > 
x 2 of A\ into together with the bracket [x, y] = xy+yx defines the structure of a 
quadratic Lie algebra on A + = (Bi>oAi- Indeed, we have (x+y) 2 = x 2 +y 2 +xy+yx 
and 

[x, [x, y]] = [x, xy + yx] = x 2 y + xyx + xyx + yx 2 = [x 2 ,y]. 



Definition 3.2 ((Derivation of a quadratic Lie algebra)). If f) is a quadratic Lie 
algebra then by a derivation of t) we mean an additive mapping D : f) — ► f) that 

(Der 1) There is an integer s > 1 such that D(fy n ) C i) n+s (s is the degree of D), 
(Der 2) D(P(£)) — [£,P(£)] if £ is homogeneous of degree 1, 
(Der 3) Dfojj] - [D(C),»>] + £>(»?)]. 

The set Der qua( j(()) of derivations of the quadratic Lie algebra 1} is a quadratic Lie 
algebra under the operations of addition and Lie bracket [Pi, D 2 ] = DiD 2 + D 2 Di 
with P(P) = D 2 if P is of degree 1. The grading is defined by the degree of a 
derivation. 

If o and f) are Lie algebras over F 2 and / is a homomorphism of f) into the Lie 
algebra of derivations of a, the semi-direct product of a and [) is the direct product 
a x f) as vector spaces with the Lie algebra structure given by 

[(£, a), (£', a')] = ([£, e'] + /(<7)(0 + /(a')(0, K *'])■ 
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We denote this Lie algebra by ax ft). We will agree to identify a and t) with their 
canonical images in ox/I). If a and t) are graded then so is o x / t) with n-th 
homogeneous component a n x t) n = a n + f)„. 

Theorem 3.3. Let a and t) be quadratic Lie algebras and f is a homomorphism 
oft) into Der qua( j(a). // (£, cr) is an element ofaxt) of degree 1 then 

p(z,*) = (p(t)+m(z),p(<T)) 

defines the structure of a quadratic Lie algebra on ax ft). 
Proof. Let £ + a, £' + a' be elements of a x t) of degree 1. Then 

P(£ + (t) + £ + o-') = P(Z + £ + o- + a') = 

P(t + S') + f{<r + <r')(t + t') + P(<r + <r') = 

P(0 + P(0 + K, £'] + /(*)(£) + f (<?)(?) + fWm + ./VXO + 

P(a)+P(a') + [a,a'} = 
P(£ + a)+P(? + v') + [t + v,t' + o>]. 
If £ + <7 is of degree 1 we have 

[Pit + *),£' + <A = [P(0 + / W(0 + ^VU' + ^ = 

[P(0 + /(*)(0> d + /TOKO + /(^ / )(( J P(0 + / W(0 + [fW^'l = 

+ + /M 2 e' + k, jvxo] + /(*')/ W(0 + = 

K. K.e']] + K,/W(0] + K, iVXO] + + /(*) 2 (0 + /to/^XO 

+ /(MXO + k M = 
[£ + ^ K, £'] + /(a)(0 + /(a')(0 + [v, <?']] = K + K + £' + ^]]- 

□ 

If X is a homogeneous subset of the quadratic Lie algebra t) then the quadratic 
subalgebra of t) generated by X is the smallest Lie subalgebra a of t) which contains 
X and which contains P(x) for every x £ X of degree 1. Let t)* = -P(f)i) + [t), t)]. 
Then t)* is a vector subspace of t) by (QL1). The proof of the following result is 
left to the reader. 

Proposition 3.4. The subset X generates the quadratic Lie algebra t) if and only 
its image in the vector space t)/t)* is a generating set. 

If X is a weighted set then the natural map of L mix (X) = L m ; x (X) / 'nL mix (X) + 
into A(X) = A{X)/-kA{X) is injective map of quadratic Lie algebras. We use this 
to identify L m \ x (X) with the quadratic subalgebra of the free associative algebra 
A(X) over F 2 generated by X. If L(X) is the Lie subalgebra of A(X) generated 
by X we have 

L mix (X) = L(X) + ]Tf 2S 2 , 

ses 
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where S is the set of elements of X of degree 1 and P(s) = s 2 for s G S. The Lie 
algebra L(X) is the free Lie algebra over F 2 on X. Note that L m i x (X) / L m i x (X ')* = 

L(X)/[L(X),L(X)}. 

Proposition 3.5. The Lie algebra L m [ x (X) is the free quadratic Lie algebra on 
the set X . 

Proof. Let / be a weight preserving map of X into a quadratic Lie algebra t). Then 
/ extends uniquely to a Lie algebra homomorphism ifQ of L{X) into (). The only 
way to extend ipo to a quadratic Lie algebra homomorphism ip of L m i x (X) into f) 
is to define <p(P(s)) — P(ip(s)) for any s G S and to extend by linearity to all of 
Lmix(X). A straightforward verification yields that ip([P(s),y}) — [ip(P(s)),<p(y)] 
for any y G L(X) and that ip([P(s), P(t)} = [<p(P(s)), <p(P(t))] for any s, t G S and 
hence that ip is a homomorphism of quadratic Lie algebras. □ 

Every quadratic Lie algebra f) has a universal enveloping algebra U = J7 qua d(f))- 
More precisely, there is a graded associative algebra U over ¥2 and a quadratic 
Lie algebra homomorphism / of f) into U + such that for every quadratic Lie al- 
gebra homomorphism <po of f) into an associative algebra B over F 2 there is a 
unique algebra homomorphism ip of U into B satisfying ip o f = (fQ. We have 
U qU a,d(L m ix(X)) = A(X) since A(X) has the correct universal property. More 
generally, we have 

Proposition 3.6. Let g = L m ; x (X)/r be a presentation of a quadratic Lie algebra 
q and let D\ be the ideal of A(X) = t/ gua d(i'mix(-X')) generated by the image oft. 
Then 

A(X)/X = (7 quad ( ). 

Proposition 3.7. Let g be a mixed Lie algebra and g = q/tt2 + the reduced algebra 
of q. IfU = U mix (Q) then U quad (g) = U/ttU. 

Proof. If q = L m i x (X)/t then q = L m ; x (X)/r, where r is the image of r in L m ; x (X). 
Then 

C/quad(fl) = A(X)/% 

where 91 is the image of 9t in A(X). □ 

4. Strongly Free Sequences 

Let pi, . . . , p m G L = L m [ x (X) with pi homogeneous of degree hi > 1 and let r 
be the ideal of the free mixed Lie algebra L generated by pi, . . . , p m . Let q = L/x. 
Then M = t/[t,t] is a module over the enveloping algebra U — U m i x (g) via the 
adjoint representation. 

Definition 4.1. The sequence pi,... , p m is sa id to be strongly free in L if the 
following conditions hold. 

(i) The ¥2[rr]-module U is torsion free. 

(ii) The U -module M is free on the images of pi, . . . , p m . 
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Let pi be the image of pi in L = L m - 1K (X) and let r be the ideal of L generated 
by pi,... ,p m . Let g = L/i. Then M = t/[t, t] is a module over the enveloping 
algebra U = E/q U ad(0) via the adjoint representation. 

Definition 4.2. The sequence pi, ... , p m is said io &e a strongly free in L if the 
U -module M is free on the images of pi, ... , p m . 

Let Jf = {£1, . . . , £ d } with & of weight a. 

Theorem 4.3. The sequence pi,... ,p m is strongly free in L if and only if the 
Poincare series of U is 

1/(1 - (t ei +■■■ + t ed ) + t hl + ---+t hm ). 

Proof. Let d\ be the ideal olA{X) generated by t. Then A{X)/*K = f7 qua d(fl) = U. 
If / is the augmentation ideal of V = A(X) and J is the augmentation ideal of 
W = i7 q uad(t) then, by tensoring the exact sequence 0^/^V^F 2 ^0 with 
F2 = W I J over W, we obtain the exact sequence 

Torf (W 2 ,V) -> t/[?,t] -> I/ffU -> V/JR -> F 2 

using the fact that 

(1) If M is a W^-module then M ®iv (W/J) = M/JM; 

(2) ^ = £7 = ^; 

(3) Torf (F 3 ,I a ) = E/[r,f] (cf. [3 , Ch. XIII, §2). 

The map r/[r, r] — > I is induced by the inclusion r C /. Since I is the 
direct sum of the left ideals V£j. The [/-module 7/9t is the direct sum of the free 
17-submodules Ugi where gi is the image of & in Z7 = A(X)/!tH.. Since tcL the 
algebra V = A(.X') is a free W- module by Corollary 12.41 and the Birkhoff-Witt 
Theorem for Lie algebras over F 2 . In this case we have the exact sequence 

-> t/[t,t] -> J/9V -> A(X)/« -> F 2 -► 0. 

Expressing M — t/[t, t] as a quotient U m /N using the relators pi, we obtain the 
exact sequence of graded modules whose homogeneous components are finitely 
generated free F 2 -modules 

-> n eJLii/fo] -> e^LiE/fo] -> c/ -> f 2 -> o 

where E/[n] = U but with degrees shifted by n; by definition, U[n](t) = t n U{t). 
We have TV = if and only if M is a free [/-module on the images of the f>i. 
Taking Poincare series in the above long exact sequence, we get 

N(t) - (t hl +■■■ + t hm )U(t) + (t ei +■■■ + t ed )U{t) - U{t) + 1 = 0. 

Solving for U{t), we get U(t) = P(t) + N(t)P(t), where 

P(t) = ; \ i r— ■ 

w 1 - (t e i H ht ed ) H lt h ™ 

Hence iV(i) = f/(t) = P(i). □ 
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Theorem 4.4. The sequence pi,... ,p m is strongly free in L = L m i x (X) if and 
only if the sequence pi, . . . , p rn is strongly free in L. 

Proof. If pi, ... , p m is a strongly free sequence then the enveloping algebra U of 
the mixed Lie algebra 9 = L/v is a torsion free F2[7r]-module. By the Birkhoff-Witt 
Theorem for mixed Lie algebras, the canonical mapping of q into U is injective. 
Hence q + = i + /r is a torsion free F2[7r]-modulc. If B is the subalgebra of A = 
A(X) generated by L + then B is the enveloping algebra of L + . By Birkhoff-Witt 
the canonical mapping of the enveloping algebra W of r into B is injective and B is 
a free H^-module. Since A is a free B-module it follows that A is a free W^-module. 
Thus, if M = t/[t, t] and 9t the ideal of A generated by r and I the augmentation 
ideal of A, we have an exact sequence 

-> M -> I/mi -> A/Vi -> F 2 [tt] -» 0. 

As in the proof of Theorem 14.31 we obtain that the Poincare series of U is 

1 



Q(t) = 



(1 - t)(l - (i ei + \-t e ") +t h i + \-t h ™)' 



If U is the enveloping algebra of L/(pi, . . . , p m ) we have U = U /nil = U ®f 2 ¥ 2 [tt]. 
Since U is torsion free over F2[7r] the Poincare series of U is (1— t)Q(t) which proves 
that the sequence pi, . . . , p m is strongly free. 

Conversely, suppose that the sequence pi, ... , p m is strongly free in L. We have 
the exact sequence of graded vector spaces over F2 

-> K -» M -> f/[ei] © • • • © C/[e rf ] -> 17 -> F 2 -> 0. 

Taking Poincare series we get 

K{t) - M{t) + {t ei +■■■ + t ed )U{t) - U(t) + -^— t = 

from which we get M{t) = K{t) - (1 - (t ei H h t Cd ))U(t) + 1/(1 - t). Hence 

M(t) K(t) 1 



1 — {t ei H M ed ) 1 — (i ei H ht ed ) (1 — — (t ei H ht ed )) 



U(t). 



Now suppose that pi, ... , p m is strongly free. Then, if f is the ideal of L generated 
by pi, . . . , p m and M = t/[t, r], we have surjections 

U[hi] © • ■ • © U[h m ] -»■ M -> t/Pi f ] 
whose composite is an isomorphism. It follows that 

M^t/[r,f] s^j e---etr[ftm], 

M(t) 1 i ftl + • • • + t' lm 



M(t) < 
U(t)< 



l-t 1-t 1 — (t ei H h< ed )+t' ll H h< /l " 

L>(t) _ 1 1 

1 - i ~ 1 - t ' 1 - (t e i H h t e d) + H hi^"" 



MILD PRO-2-GROUPS AND 2-EXTENSIONS OF Q WITH RESTRICTED RAMIFICATION 13 



Using the fact that K(t) > 0, we get 

M(t) > 1 U{t) = 

1 - (t^ H \-t e ") ~ (1 -t)(l - (i ei H ht ed )) 1 -t 

J_( I I ) = 

1 - t v (1 - (t e i H h t ed ) 1 - (i ei H h t e - d ) + t hl H hi' 1 - 

M(t) > 

(l-t)(l - (i ei H \-t e *)) ~ 1 - (i e i H ht ed )' 

It follows that K{t) = 0, [/(*) = U(t)/(1 - t) and M(t) = M/(l - t). Hence [7 is 
a free F 2 [7r] -module and M is a free U- module since we have a natural surjection 

U[hi] © • • • U[h m ] ™> M 

with both sides having the same Poincare series. □ 

In general it is very difficult to determine whether a sequence in L is strongly 
free but we can construct a large supply using the following elimination theorem 
for free quadratic Lie algebras. 

Theorem 4.5 ((Elimination Theorem)). Let S be a subset of the weighted set X 
and let a be the ideal of the free quadratic Lie algebra L m i x (X) generated by X — S. 
Then a is a free quadratic Lie algebra with basis 

ad (<ti) ad (<t 2 ) • • • ad(<r„)(£), (n > 0, a, G S, ?el- S). 

Proof. We first show that the quadratic Lie algebra L m i x (X) is the semi-direct 
product of the quadratic Lie algebras o and L mlx (S). Let / be the adjoint rep- 
resentation of L m ix(<S') on o. Then / is a homomorphism of the quadratic Lie 
algebra L m ; x (5') into the quadratic Lie algebra Der qua< i(a) of derivations of the 
quadratic Lie algebra a. More precisely if f(a) = D then f(P{a)) = D 2 and 
D{P{Q) = [£,, D(Q] if o-, £ are homogeneous of degree 1. Every element of L m j x (X) 
can be uniquely written in the form £ + a with £ G a, a G Z m ; x (5). We have 

[6 +<Tl,&+<T2] = +/(<Tl)(6)+/(<r 2 )(£l) + [<Tl,0-2] 

and P(£ + a) = P{£) + /(o)(£) + P{&) if 6i are 01 degree 1. As a quadratic Lie 
algebra, a is generated by the family of elements 

ad(<Ti)ad(a 2 )---ad(<T„)(0, (n>0,Oi G S,£eX-S). 

ttaeS and f(a) = D then 

D(ad(cri)ad(CT 2 ) • • • ad(o„)(£)) = ad(cr)ad(o-i)ad(o- 2 ) • • • ad(o„)(£). 

Let T be the family of elements (oi, ct 2 , . . . , a n , £) with n > 0, oy G S, £ G X — S 
and weight equal to the sum of the weights of the components Oj, £. Let be the 
quadratic Lie algebra homomorphism of L m - lx (T) into a such that 

Pi (0-1,0-2, • • ■ ,0n,O = ad(oi)ad(o 2 ) • • • ad(o n )(£). 

Since tpi is surjective it suffices to prove ipi is injective. Let g be the quadratic Lie 
algebra homomorphism of L m i x (S) into Der quac i(L m i x (T)) where, for a G S, we de- 
fine (7(0) be the derivation which takes (oi, o 2 , . . . , n) £) into (o, oi, o 2 , . . . , a n , £). 
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That such a derivation exists follows from the fact that the derivations D of the 
free Lie algebra L{T) can be assigned arbitrarily and can be uniquely extended 
to derivations of the quadratic Lie algebra L(T) by defining -D(£ 2 ) = [£,£>(£)] if 
£ is an element of T of degree 1. Let L be the semi-direct product of L m i x (T) 
and L m [ x (S) with respect to the homomorphism g. Every element of L can be 
uniquely written in the form £ + a with £ G L mlx (T), a £ L m i x (S). Then 

[6 + <ri,& + a 2 ] = [a,6]+^i)fe)+DNKi) + [<ti,ct 2 ]. 

and P(£ + er) = P(£) + £r(cr)(0 + P(a) if er are of degree 1. Since pi(g{a)^)) = 
/(tr)((^i(£)) we see that there is a unique homomorphism ip of L into L m i x (JT) 
which restricts to ipi and is the identity on L m i x (S). If ^ is the homomorphism of 
L(X) into L which is the identity on X we have ipoip and ip o <p identity maps so 
that p and hence ipi is bijective. □ 



Corollary 4.6. If B is the enveloping algebra of L m i x (S) = L m i x (X) / a then, via 
the adjoint representation, a/ [a, a] is a free B -module with basis the images of the 
elements £ £ X — S. 

Let X be a finite weighted set and let S C X. Let o be the ideal of L = L m - lx (X) 
generated by X — S and let B be the enveloping algebra of L/a. 

Theorem 4.7. Let T = {n,...,Tt} C a whose elements are homogeneous of 
degree > 2 and B -independent modulo a*. If pi,. .. ,p m are homogeneous elements 
of a which lie in the F2- span of T modulo a* and which are linearly independent 
over ¥2 modulo a* then the sequence pi,. . . ,p m is strongly free in L. 

Proof. Let r is the ideal of L generated by pi , . . . , p m and let U — t/ qua d be the 
enveloping algebra of L/x. The elements 

ad(<7i)ad(er 2 ) ■ ■ ■ ad(cr n )(pj) 

with 1 < j < m, n > 0, o; L £ S generate r as an ideal of the quadratic Lie algebra a. 
Suppose that these elements form part of a basis of the free quadratic Lie algebra 
a. The elimination theorem then shows that M — x/[x, x] is a free module over the 
enveloping algebra C of a/x with the images of these elements as basis. Now let pi 
be the image of pt in M and suppose that J2i u il 1 i = with m £ U . Then, since 
every m can be written in the form 

where the Wj are distinct products of elements of S and dj £ C with Cjj its image 
in U, the dependence relation 

implies that all dj are zero and hence that each m is zero. 

To show that the elements of the form ad(eri)ad(<72) • • • &d(a n )(pj) are part of a 
Lie algebra basis of a it suffices to show that pi,. ■ ■ ,p m are £>-independent modulo 
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a*. We now work modulo a*. If if is the F2-span of pi, . . . , p m , we can find a basis 
71 , . . . , 7 m of H such that 

s 

7j = aion + y^ajjjflj 

where a l ,a lj E F 2 , a 4 ^ 0, m+s = t,T = {ai, . . . ,a m ,/3i, . . . ,/3 s }. If iti, . . . , u m G 
£?, we have 



s m 



i—l i—1 J=l i— 1 

^ Eti u *7* = mod a* then by the 5-indepcndcnce of the elements of T we 
cum = so that Ui = for all i which implies the ^-independence of 71, . . . ,7 TO 
and hence of pi, . . . , p m . □ 



Corollary 4.8. Let X = {£1, . . . , £d} with d > 4 even and let pi, . . . , pd G L m i x (X) 

Pi =ai€i 

3=1 

w/iere (a) ai = if i is odd, (b) £jj = i/i, j odd, (c) £12 = £23 = ■ ■ ■ = £d-i,d = 
£di = 1 and (d) £\d£d,d~i ■ • '^32^21 = 0. Then the sequence pi,.. . , Pd is strongly 
free. 

Proof. Let a be the ideal of L m i K (X) generated by the & with i even and let b be 
the subspace of 02 generated by the with i, j even. Then the pi are in 

a and their images in V = (a/a*)2 = (12/b are linearly independent. Indeed, the 
images in V of the elements with i odd, j even i < j form a basis for V 

which we order lexicographically. If A is the matrix representation of p\ , . . . , pd 
with respect to this basis, the d columns (1, 2), (2, 3), (3, 4), . . . , (1, d) of A form 
the matrix 

'£12 ••• -£ lm ' 
& ■■■ 

£ 32 £34 ■■■ 

£43, ■■■ 

••• £ m . m -i 

.0 • • • £ m ,m-l £ml _ 

which has determinant £12^23 ■ 1 ■ £m-i,m£mi + ^im^2i^32 1 ■ 1 £m,m-i 

= 1. □ 

Example 4.9. If d > 4 is even then 

ai£i 2 + [6, &W2 + [&»&]. ■ ■ ■ . + €1] 
is a strongly free sequence if a» = for i odd. 
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5. Mild Groups 

Let F = F(xi, . . . , Xd) be the free pro-2-group on x\, . . . , Xd and let G = F/R 
with R the closed normal subgroup of F generated by r%, . . . ,r m . Let (F n ) be the 
filtration of F induced by the (x, r)-filtration of F. It is induced by the (x, r)- 
filtration of A — ^[[F]]. Let G n be the image of F n in G and let r n be the image 
of A n inr = Z 2 [[G]]. 

Let pi be the initial form of r,; with respect to the (x, r)-filtration of F ; by 
definition, if r G Fk, r Fk+i, the initial form of r is the image of r in L^(F) = 
gr k (F). We assume that the degree hi of pi is > 1. 

Definition 5.1 ((Strongly Free Presentation)). The presentation G = F/R is 
strongly free if pi,...,p m is strongly free in L mix (F). 

Definition 5.2 ((Mild Group)). A pro-2- group G is said to be weakly mild if 

it has a minimal presentation G — F/R of finite type which is strongly free with 
respect to some (x , r) -filtration of F. It is called mild if the r,- = 1 for all i in 
which case the (x , t) -filtration is the lower 2-central series of F. 

Theorem 5.3. Let F/R be a strongly free presentation of G with R = (r±, . . . , r m ). 
Let r is the ideal of L(F(X)) generated by the initial forms pi,...,p m of the 
defining relators r± , . . . , r m . Then 

(a) L(G) = L(F)/t. 

(b) The group R/[R,R] is a free ^2[[G\\-module on the images of . . . 7 r m . 

(c) The presentation G = F/R is minimal and cd(G) = 2. 

(d) The enveloping algebra of L(G) is the graded algebra associated to the filtration 
(r„) o/r = Z2[[G]], where T n is the image of A n in G. 

(e) The filtration (G n ) of G is induced by the filtration (T n ) of T . 

(f) The Poincare series of grQT) is 1/(1 - 1) (1 - (t T1 H h t Td ) + t hl +... + ) ) . 

(g) Ifb n — dimL ra then the Poincare series o/gr(r)/7rgr(r) is equal to 

(l+trn^ 1 -*")"*"' 

n>2 

where r — b\ is the number of i with t, = 1 . 

(h) Ifb n , T o-re as in (g) and 

1 - (£ Tl + • ■ • + t T «) + t hl + . . . + t h ™) = (1 - att) ■■■{!- a B t) 
then a n — X)fc=2 with 

t\n 

Except for (g) and (h), the proof this theorem is the same as the proof of 
Theorem 4.1 in [8] except that the freeness of the Lie algebra r over F2[7r] is 
deduced from the fact that r is an ideal of the free Lie algebra L m i x (X) + and that 
Lmix(X) + /r a torsion free F2[7r]-module. 
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To prove (g) and (h) let A be the enveloping algebra of the mixed Lie algebra 
L = L m ix(F(X)) and let B be the enveloping algebra of the F2[7r]-Lie algebra L + . 
Then L is the free mixed Lie algebra on £1, . . . , where is the image of Xi in 
gr T .(F). By Theorem 12.31 L + is a free Lie algebra over F2[7r] and the canonical 
map of B into A is injective. Moreover, assuming that fi, . . . , £ a the £j of degree 
1, then A is a free £?-module with basis Ci 1 ' ' ' £f s ( e i = 0, 1)- If tB be the ideal of 
B generated by r then 

e i= 0,l 

is the ideal of A generated by r. It follows that the canonical map of B/xb 
into A/va is injective and that A/xa is a free -B/te-module with basis ^J 1 • ■ -£f s 
(e, ; = 0,1). The algebra U = A/r^ is the enveloping algebra of the mixed Lie 
algebra g = L/t and V = B/x B , the enveloping algebra of the Lie algebra L + /x 
over F2[7r]. If U = U/irll and V = V/irV we obtain that the canonical map of V 
into U is injective and that U is a free V- module with basis ■ ■ ■ ^ s (ei = 0, 1). 
The algebra U is the enveloping algebra of the quadratic Lie algebra § and V is 
the enveloping algebra of the Lie algebra g + over F2 . 

We now use the fact that L/t, where f is the image of r in L, is a strongly free 
presentation to deduce that P(£) $ x for every non-zero element £ of L of degree 1. 
Indeed, if P(£) lies in x then, if f is the image of P(£) in r / [r, r] and ^ the image 
of £ in q, we would have £, ^ ^ 

ad(f)(O = 

which contradicts the fact that t/[r, r] is a free ^-module via the adjoint represen- 
tation and the fact that V is an integral domain. Thus multiplication by P(£) = £, 2 
maps V injectively in to V which implies that multiplication by £ is injective on 
V. This in turn implies that 

P ( v(t)=tPy(t). 

We thus obtain that Pjj(t) — (1 +t) s Py(t). This implies (g) since 

p v (t) = i[(i-n- b " 

n>2 

and U m i X (gr(G)) = U. The assertion (h) follows form the fact that gr(G) + is a 
free F2I71-] -module and a standard argument to compute b n using the formula 

(1 + ty J] (1 - = -J— - 

„>2 (1 - OLlt) ■■■(!- OLst) 

6. Zassenhaus Filtrations 

Theorem 15.31 can be extended under certain conditions to filtrations induced 
by valuations of the completed group ring F 2 [[P]]. The Lie algebras associated 
to these filtrations are restricted Lie algebras in the sense of Jacobson [4]. A 
sufficient condition is that the initial forms of the relators lie in a Lie subalgebra 
over F2 which is quadratic and that these initial forms are strongly free. This will 
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give a second proof that the pro-2-group with these relators is of cohomological 
dimension 2. 

Let F be the free pro-2-group on xi,...,Xd- The completed group algebra 
A = F2U-F]] over the finite field F2 is isomorphic to the algebra of formal power 
series in the non-commuting indeterminates X± , . . . , X ( i over F2 . Identifying F 
with its image in A, we have Xi = 1 + X,. 

If Ti, . . . ,t<2 are integers > 0, we define a valuation w of A by setting 

u>( V aiu.^X^ ••■X ik ) = . inf. (r 4l + \-r ih ). 

* — ' n,...,tk 

Let 

A n = {u 6 A > n}, gr n (A) = A n /A„+i, gr(A) = ©„> gr„(A). 

Then gr(A) is a graded F2-algebra. If £j is the image of Xi in gr T . (A) then gr(A) 
is the free associative F2-algebra ion^,...,^ with a grading in which £j is of 
degree r, . Note that when n = 1 for all i we have A„ = I n , where I is the 
augmentation ideal (Xi, . . . , AT^) of A. 

The Lie subalgebra L of A generated by the £j is the free Lie algebra over F2 
on £1, . . . , £ m by the Birkhoff-Witt Theorem. The Lie subalgebra L generated by 
£1 , . . . , £<j and the where is of degree 1 is the free quadratic Lie algebra on 

&)•• • 

A decreasing sequence (G„) of closed subgroups of a pro-2-group G which sat- 
isfies 

[Gi,Gj] C Gi+j, Gl C G2i. 

is called a called, after Lazard [9], a 2-restricted filtration of G. 

For 71 > 1, let F n = (1 + A„) n F. Then (F„) is a 2-restricted filtration of F. 
This filtration is also called the Zassenhaus (x, r)-fitration of F. The mapping 
x 1— > a; 2 induces an operator P on gr(F) sending gr„(F) into gr 2 „(F). With this 
operator, gr(F) is a restricted Lie algebra over F2. If Ti = 1 for all i, the subgroups 
F n are the so-called dimension subgroups mod 2. They can be defined by 

F n = {[yi, [• • ■ hr-UVr] ' ' ']] 2S I Vl, ■ ■ ■ , Vr £ F, r2 s > n) . 

Let n, . . . , r m € F 2 [F, F] and let R = (n, . . . , r m ) be the closed normal sub- 
group of F generated by n, . . . , r m . Let pi S gr ft . (F) be the initial form of with 
respect to the Zassenhaus (x, r)-filtration (F„) of F. If G = F/R and G„ is the 
image of F n in G = F/R then (G n ) n >i is a 2-restricted filtration of G. Let r„ be 
the image of A„ in f = F 2 [[G]]. 

Theorem 6.1. Suppose that the initial forms p\, . . . , p m of r\, . . . ,r m are in L 
and are strongly free. Then 

(a) We have gr(G) = gr(F)/(pi, . . .,p m ), 

(b) The group R/R 2 [R, R] is a free ¥2 [[G]]-module on the images of r\, . . . , r m , 

(c) The presentation G — F/R is minimal and cd(G) = 2. 

(d) The enveloping algebra o/gr(G) is the graded algebra associated to the filtration 

(r«). 
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(e) The filtration (T n ) ofT induces the filtration (G„) of G. 

(f) The Poincare series o/gr(f) is 1/(1 - (t T1 H h t Td ) + t hl + . . . + t h " 

(g) If Ti — 1 for all i and a n = dim gr n (G) then 



n>l 

Proof. In 6], Koch proves that if TZ/TZI is a free A /It module on the images of 
pi,...,p m then gr(r) = A/It, where It is the ideal of A — gr(A) generated by 
Pi , . . . , p m . The former is true if p\ , . . . , p m lie in L and are strongly free since 
It/ltl is the image of the free A/7?.- module r/[r, r] under the injective mapping 

t/[t,~x]^I/1tl 

where r is the ideal of the quadratic Lie algebra L generated by pi, ... , p m - Now 
consider the exact sequence 

-> r/[r, r] -» gr(f ) d -» gr(f ) -» F 2 -» 0, 
Since t/[t, t] is a free gr(r)-module of rank m, we obtain the exact sequence 

- gr(f ) m -» gr(f ) d -» gr(f ) -> F 2 -» 0. 

This yields (f). By a result of Serre (cf. [9], V, 2.1), we obtain the exact sequence 

_> f m f d -» f F 2 0. 

By a result of [2], section 5, this proves (b) and (c). If Dt = (pi, ... , p m ) is the ideal 
of the restricted Lie algebra gr(F(X)) generated by pi, ... , p m , we have canonical 
homomorphisms of restricted Lie algebras 

gr(F(X))/m -> gr(G) - gr'(G) - gr(f ), 

where the first arrow is surjective and gr'(G) is the restricted Lie algebra associ- 
ated to the Zassenhaus filtration (G' n ) of G induced by the filtration of T. Since 
gr(f ) is the enveloping algebra of the restricted Lie algebra gr(F) /-Dt, the Birkhoff- 
Witt Theorem for restricted Lie algebras shows that all arrows are injective which 
yields (a) and (d). The injectivity of gr(G) — > gr'(G) yields G„ = G' n for all n 
by induction which proves (e). The proof of (g) follows from (d), (e), (f) and 
Proposition A3 . 1 of . □ 

Remark. The formula given in (g) partially answers a question of Morishita 
stated in |10j in a remark after Theorem 3.6. 

7. Proof of Theorem 11.11 

Let (xi)i<i<d be a basis of H 1 (G) with (xi)i£S a basis of U and (xj)jeS' a 
basis of V. Let (&) be the dual basis of H 1 (G)* = Li(G) and let gi be any lift 
of & to G. Let F be the free pro-2-group on xi, . . . ,xa and let / : F — + G be 
the homomorphism sending Xi to gi. Then the induced mapping of Li(F) into 
Li(G) is an isomorphism which we use to identify these two groups. If R is the 
kernel of / the presentation G = F/R is minimal and the transgression map tg : 
^{R/R^R, F]) -> H 2 (G) is an isomorphism. Hence tg* : H 2 (G)* -> R/R 2 [R, F] 
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is an isomorphism which we use to identify these two groups. If tp is the inverse 
of tg* and r G R we let f = ip(r). 

The cup product H 1 (G) <E) H 1 (G) — > H 2 (G) vanishes on the subspace W gen- 
erated by elements of the form a ® b + b ® a and so, by duality induces a homo- 
morphism 

H 2 {G)* -» Li(F) ® = (H 1 (G) ® H 1 (G))*, 

whose image is contained in ly , the annihilator of the subspace W. Since 
dimW = d(d - l)/2 we have dimV^ = d(d + l)/2. Now L 2 (F) can be iden- 
tified with the subspace of the tensor algebra of L\(F) generated by the ele- 
ments of the form £ 2 and [£,77] = £r) + r)£. Since these elements lie in W° and 
dim L 2 (F) = dim we obtain that W° = L 2 {F). If 

iJ^G) g>' H X {G) = {H\G) ® H\G))/W 

is the symmetric tensor product of H 1 (G) with itself we have 

ff^G) 0' H^G) = U®'U®V®'V®U®'Vi 

where 17 ®' V is the image of U <£>' V in H 1 (G) ®' H 1 (G). Since the cup-product 
vanishes on f7 <8>' Z7 it induces a homomorphism 

( / 9:V r ®'yeJ7®'y = (iT 1 (G) ®' H l {G))/U ®' U -> i7 2 (G) 

which is surjective since, by assumption, the cup-product maps f/®^ onto H 2 (G). 
Since the annihilator of [/<£>' L/ is contained in 02, where a is the ideal of L(-F) 
generated by the £j with i G 5", we get an injective homomorphism 

: i7 2 (G)* -> 02. 

Let rx,...,r m generate R as a closed normal subgroup of F. Since r» € F2 we 
have 

<i 

r fe = []^ a,fc II " • mod F 3 

i=l i<j 

with a lk = fk(Xi u Xi) an d a#k = r k (xi u Xj) ( cf - 0' P r0 P- 3 ). Moreover, if p fc is 
the initial form of r k , we have 

d 

z— 1 i<j 

By Theorems 14.41 and 14.71 the elements p\ , . . . , p m form a strongly free sequence 
if their images in (o/o*)2 = where b is the subspace of 02 generated by the 

elements £f, with i,j G <S", are linearly independent. If c is the subspace 

of 02 generated by the elements with i £ S,j e S" then 02 = b © c. The 

images of the pi in 02/ b form a linearly independent sequence if and only if the 
projections of the pi on c form an independent sequence. But this is equivalent to 
the composite 

H 2 (G)* -> a 2 -> c 
being injective. Now 02 is the dual space of 

(H 1 (G) ®' H l {G))/U <Z>' U = V ®' V ® U <g>' V 
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and, with respect to this duality, we have c — (V <E>' V)° which implies that the 
canonical injection 

i : U <g>' V -> V ®' v e c/ <g>' V 
is dual to the projection of 02 onto c. Since <fi o t is surjective it dual t* o ip* is 
injective. But the latter is the composite H 2 (G)* — > 02 — > c. 

8. Proof of Theorem 11.21 and Examples 

Without loss of generality, we may assume So = {qi, ■ • ■ , q m } with m > 2, 
qi = 1 mod 4 and g. m = 3 mod 4. Let q[, . . . ,q' m be primes = 1 mod 4 which are 
not in Sq and such that 

(a) q[ is a square mod for all 

(b) is not a square mod q m and <^ is not a square mod and qi-\ for 1 < i < m. 

Let 5 = {q' l ,qi 1 q' 2 ,q 2 , ■ . ■ , q' m , q m , Qm+i} where g m+ iis a prime = 3 mod 4 
distinct from qi, ■ ■ ■ ,q m and such that g m +i is not a square mod q[ but is a square 
mod q[ for all i ^ 1. Let 

fal, • ■ ■ ,P2m+l) = (q'l,qi,q 2 ,q2, ■ ■ ■ ,?m,? m ,?m+l)- 

and let i^, . . . ,X2m+l be generators for the inertia subgroups of Gs(2) at 
the primes pi, . . . ,p2m+i respectively. Then, by [5], Theorem 11.10 and Ex- 
ample 11.12, the group G = Gs(2) has the presentation G = F(X)/R = 
(xi, . . .,x 2m +i n, . . . ,r 2m+ i,r), where 

2m+l 

r i = x i°" II Vi-,x 1 \ li] mod F 3 , 
3=1 

2m+l 

r = x" 1 mod F2 
1=1 

with ai = if and only if pi = 1 mod 4 and = 1 if p,; is not a square mod pj 
and otherwise. Moreover, we can omit the relator r2 m +i- By construction we 
have 

m—l 

r = [I X 2V X 2mX2m+l mod F 2 
i=2 

so that X2m+i = x 2m x a A l ■ ■ ■ x 2 2 ™~ 2 mod F 2 . Hence G = (xi, . . . , x 2m \ r[, . . . , r' 2m ) 
where 

2m 

3=1 

with =0 if i, j are odd and 

9' — 9' — 9' . — 9 1 —9' — 1 

*12 ^ *23 — *34 ^ ^ l 2m-l,2m — l 2m,l — 1 

but ^ 2 m = 0- The image of the initial form of r\ in L m i x (X) (here t,; = 1 for all 
i) is 

2m 
3=1 
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By Corollary SH] the sequence p[, . . . , p' 2m is strongly free in L m i X (X) and therefore 
G is mild by Theorem 14.41 



Example 1. To illustrate the above proof, let Sq = {13,3} = {91,92}- Then 
q[ = 41, q 2 = 5, 93 = 19 satisfy the required conditions. Then 

S = {41,13,5,3,19} = {pi,p 2 ,p 3 ,P4,P5} 

and the relators for the first presentation are 

n = [x 1 ,x 2 }[x 1 ,X4\[x 1 ,x 5 } mod F 3 , 
r 2 = [X2,xi][x 2 ,x 3 ][x2,x 5 ] mod F 3 , 
r 3 = [x 3 ,x 2 ] [x 3 ,Xi] mod F 3 , 
r4 = xl[x4,xi}[x4,x 3 }[x4,X5] mod F 3 , 

r 5 = £5 [2:5,3:1] [2:5,2:2] mod F 3 , 
r = X4X5 mod F 2 . 

Hence G = Gs(2) has the presentation < xi,x 2 ,x 3 ,X4 \ r'^r'^r'^r'^ > where 

r[ = [xi,x 2 ] mod F 3 , 

r 2 = [x2,Xi][x2,x 3 ][x 2 ,X4] mod F 3 , 

r' 3 = [x 3 , x 2 ][x 3 , X4] mod F 3l 

r' 4 = xl[x4,xi][x4,x 3 ] mod F 3 . 



Example 2. This example is due to Denis Vogel and while it does not illustrate 
exactly the above proof it does contain the basic idea which led to the result. Let 
S = {5, 29, 7, 11, 3}. Using the above notation for a Koch presentation of Gs(2) 
with pi — 5,p 2 = 29, p 3 = 7,p4 = 11, pg = 3 we have 

ri = [Xl,X3][2uX5] mod ^3, 

r 2 = [x 2 ,x 4 }[x 2 ,x 5 } mod F 3 , 
r 3 = xl[x 3 ,Xi][x 3 ,X4] mod F 3 , 

T4 EE xl[x4, X 2 ][x4, X 5 ] mod F 3 , 

r 5 ee xl[x 5 ,xi][x 5l x 2 ] mod F 3 , 
r ee x 3 X4X§ mod F 2 . 

Omitting r§ and setting x§ = x 3 X4 mod F 2 , we get 

r[ ee [2:1,354] mod F 3l 

r' 2 ee [3:2,0:3] mod F 3 , 

r 3 = x 3 \x 3 , xi] [x 3 , X4] mod F 3 , 

7-4 ee x\[x4,x 2 )[x4,x 3 ) mod F 3 . 
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The images of the initial forms of these relators in L m - lx (X) (all r, = 1) are 

Pi = 

^ = ei + + £*]> 

^ = £ + [£4,61] + [$4,6]. 

If o is the ideal of L mrx (X) generated by £3, £4 the p\ are in a and their images in 
a/ a* are the classes of 

[6,6], Ki,6L 

which are part of a basis for (a/a*)2- Hence Gs(2) is mild. If a„ = dim L(Gs) 
then ai = 4 and 

" 1 1, 

«™-E^E4)(^ +1 + (-D £ 4) 

fc=2 £|fe 

for n > 2 by Theorem 15.31 
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